
Inertia of a generic stress tensor of spherical symmetry

This article has been downloaded from IOPscience. Please scroll down to see the full text article.

2006 J. Phys. A: Math. Gen. 39 14529

(http://iopscience.iop.org/0305-4470/39/46/019)

Download details:

IP Address: 171.66.16.108

The article was downloaded on 03/06/2010 at 04:57

Please note that terms and conditions apply.

View the table of contents for this issue, or go to the journal homepage for more

Home Search Collections Journals About Contact us My IOPscience

http://iopscience.iop.org/page/terms
http://iopscience.iop.org/0305-4470/39/46
http://iopscience.iop.org/0305-4470
http://iopscience.iop.org/
http://iopscience.iop.org/search
http://iopscience.iop.org/collections
http://iopscience.iop.org/journals
http://iopscience.iop.org/page/aboutioppublishing
http://iopscience.iop.org/contact
http://iopscience.iop.org/myiopscience


INSTITUTE OF PHYSICS PUBLISHING JOURNAL OF PHYSICS A: MATHEMATICAL AND GENERAL

J. Phys. A: Math. Gen. 39 (2006) 14529–14531 doi:10.1088/0305-4470/39/46/019

ADDENDUM

Inertia of a generic stress tensor of spherical symmetry

R Medina

Instituto Venezolano de Investigaciones Cientı́ficas, Apartado 21827, Caracas 1020A, Venezuela

E-mail: rmedina@ivic.ve

Received 13 July 2006
Published 1 November 2006
Online at stacks.iop.org/JPhysA/39/14529

Abstract
The stress contribution to the inertia of a spherically symmetric charged particle
is calculated for a generic stress tensor of spherical symmetry. It is found that it
is equal to the result for the isotropic pressure case, which has been previously
calculated (Medina R 2006 J. Phys. A: Math. Gen. 39 3801–16).

PACS number: 03.50.De

In a previous paper [1] the essential role played by the inertia of stress in the self-interaction
of a charged particle was shown. In the rest frame the stress tensor of a body with spherical
symmetry has the following form,

P = Pr r̂r̂ + Pt(I − r̂r̂), (1)

where the radial stress Pr and the transverse stress Pt are functions of the radius r, I is the
identity tensor and r̂ is the radial unit vector.

In the paper cited above the stress contribution to the inertia was determined in the special
case of an isotropic pressure P = Pt = Pr , and it was stated without proof that the same result
is obtained for any stress tensor given by (1). Here we show that it is indeed so.

It was shown that the stress contributions to the energy and momentum of a particle
moving with velocity v are

US = mP γ v2 (2)

and

PS = mP γv. (3)

The mass of stress mP is given by the following integral that must be calculated in the
rest frame:

mP = 1

c2

∫
d3x P. (4)
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The pressure equilibrates the electrostatic force density f = ρE. The pressure is obtained
from the equilibrium equation ∇P = f , and it is found that the effective mass of pressure is
proportional to the electrostatic energy Ue,

mP = − 1

3c2
Ue. (5)

In the general case the energy density of stress is P 00 and the momentum density is
c−1P 0i , where P µν is the stress 4-tensor. As the stress 4-tensor is orthogonal to the 4-velocity
uµ, i.e. P µνuν = 0, the energy and momentum contributions are

US = 1

c2

∫
d3x v · P · v (6)

and

PS = 1

c2

∫
d3x P · v. (7)

Here P is the stress tensor in the laboratory frame.
In the frame in which the particle moves with velocity v, the two tensors that appear on

the right-hand side of (1) are

Ilab = I + (γ 2 − 1)v̂v̂ (8)

and

(r̂r̂)lab = [r̂ + (γ − 1)(r̂ · v̂)v̂][r̂ + (γ − 1)(r̂ · v̂)v̂], (9)

where r̂ is the radial unit vector in the rest frame. The temporal components of P µν are then

P 00 = c−2v · P · v = (v/c)2γ 2[Pt + (Pr − Pt)(r̂ · v̂)2] (10)

and

P · v = Ptγ
2v + (Pr − Pt)(r̂ · v)γ [r̂ + (γ − 1)(r̂ · v̂)v̂]. (11)

Using (10) and (11) in (6) and (7), changing the variables of integration to the rest frame
coordinates, which gives a factor γ −1, and taking into account the fact that

1

4π

∫
d� r̂r̂ = 1

3
I (12)

one obtains that the energy and momentum contributions of stress are given by (2) and (3),
but with a stress mass given by

mp = 1

3c2

∫
d3x (2Pt + Pr) (13)

instead of (4).
In the general case the equilibrium equation for the stress tensor is

f = ∇ · P, (14)

which for a stress given by (1) and for a particle with charge density ρ(r) can be written as

ρE = dPr

dr
+ 2

Pr − Pt

r
. (15)

Multiplying (15) by 4πr3 and integrating one obtains∫ ∞

0
dr 4πr3ρE =

∫ ∞

0
dr 4πr2

[
r

dPr

dr
+ 2Pr − 2Pt

]

= 4πr3Pr |∞0 −
∫

d3x (2Pt + Pr)

= −3mP c2. (16)
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On the other hand, E(r) = Q(r)/r2, where Q(r) is the charge enclosed in a sphere of
radius r,

Q(r) = 4π

∫ r

0
dy y2ρ(y). (17)

Thus, the left-hand side of (16) becomes∫ ∞

0
dr4πr3ρE =

∫ ∞

0
dr 4πr2ρ

Q

r

=
∫

dQ
Q

r

= 1

2

∫
dQ2 1

r

= 1

2

Q2

r

∣∣∣∣
∞

0

+
1

2

∫ ∞

0
dr

Q2

r2

= 1

8π

∫
d3x

[
Q

r2

]2

= Ue. (18)

Therefore, also in the general case the effective mass of stress is given by (5).
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